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ABSTRACT

A digital computer has been used to determine the electric
and magnetic fields in an argon plasma with sufficient elec-
tron density so that the applied microwave fields are
shielded from the interior of the discharge by the skin ef-
fect. An approximate method of determining the surface resis-
tance, not requiring a computer, is also given. Some experi-

mental results confirming the theory are presented.
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THE SURFACE RESISTANCE OF HIGH-CURRENT MICROWAVE DISCHARGES IN ARGON
By

C. E. Muehe and T. J. Fessenden

The duplexer work at Lincoln Laberatory is aimed principally at design-
ing duplexers for extremely high-power radars. The main limitation in
power-handling ability of a gas tube duplexer is the heat generated in the
switching TR tube (1. e., the one closest to the transmitter). This tube
must short the receiver line so that the high power will be directed to the
antenna and then must de-ionize quickly after the transmitter pulse so that
received signals may enter the rece:lver.2 The switching TR tube consists
of a container of easily ionizable gas mounted in & window in the waveguide
wall.3 During the transmitter pulse the gas ionizes to such a degree that
it is closer to a poorly conducting metal than a lossy dielectric. Thus it
always presents a low impedance compared to the impedance of the circuit
driving current through it. The first prerequisite in designing such a
tube is a knowledge of the heat generated by the current forced through the
tube, and to this end a good theoretical understanding of the the plasma
within the tube is essential.

Several authorse’h have suggested that conditions existing in a high-
frequency discharge should be identical to those existing in the positive
column of a d.c. discharge, except that the sustaining field is now a high-
frequency electric field instead of a d.c. field. Indeed, several experi-
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menters applied first d.c. and then RF fields to the same positive
column and found that the rms value of ~he RF field equalled the d.c. field

for equal brightness of the discharge. All of their experiments used
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relatively low current densities, frequencies lower than 170 Mcps, and
pressures such that the collision frequency of electic..: with the gas
molecules was higher than the applied frequency. The purpose of the pres-
ent investigation is to work out a theory to describe cases where the cur-
rent and frequency are high enough to produce a plasma which, by virtue of
its high conductivity, can sctually shiel& the electric field from its in-
terior by the skin effect. Also, we wish to extend the theory to cases
vhere the collision frequency is comparable to or lower than the applied
frequency.

In our theoretical investigation, instead of considering a round tube
as used in most d.c. positive-column experiments, we will consider the dis-
charge to exist between two sheets of dielectric. (See Fig. 1.) This is
a simpler cease mathematically besides approaching more nearly the geometry
of many microwave discharges (i. e., the discharge behind windows in TR
cellsl’a)n Energy to sustain the discharge is provided by an electromag-
netic wave, incident from the left, whose direction of propagation is per-
pendicular to the dielectric sheets. Most of this incident wave is re-
flected and, for high-current densities, the electric field is attenuated
through the discharge by the skin effect8 so that the electric fielef is

lower at the right dielectric boundary (x = O) than at the left.

List of Symbols
Because of the large number of symbols used it has been thought ad-

visable to give below a list of the symbols used, together with their
meanings. All equations are in the rat:onalized M.K.S. system of units,
except where the symbols p(mm Hg) or Ty Wy Uy Uy (electron volts) occur.

The units used on tables and graphs are clearly labeled.
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LIST OF SYMBOLS

radius of experimental discharge tube

surface area of discharge

velocity of light

spacing between dielectric plates (see Fig. 1)
ambipoler diffusion coefficient

electronic charge

base of naperian system of logarithms

complex a.c. electric field (r.m.s. value)

magnitude of the complex electric field (r.m.s. value)
or d.c. electric field

component of electric field in phase with current
(r.m.s. value)

complex a.c. electric field at surface (r.m.s. value)
applied frequency

electron distribution function (see Eq. Al)
proportionality constant for Pi

proportionality constant for Pe

complex a.c. magnetic field (r.m.s. value)

complex a.c. magnetic field at surface (r.m.s. value)
the conjugate value of H

the short-circuit current at the end of a transmission
line

J-1

surface current density

surface current density at one point of discharge
constants

electronic mass



LIST OF SYMBOLS, con't.

m exponent of sin ¢ (See Table I.)

mp mass of positive ion

M mass of gas molecules

n electron density

n exponent of J (See Eq. 20)

P pressure (mm Hg)

Pd power dissipation in the discharge

Pl pover in the incident wave on a transmission line

Pi probability of ionization

P e probability of excitation

Pc probability of collision

R surface resistance of the discharge

Rl surface resistance at point on discharge where J = Jl

8 normalized pointing vector

8 voltage standing wave ratio

T, electron temperature in volts (11,600°K = 1 wolt)

u electron energy in volts

uy ionization potential

LR excitation potential

v velocity

wc ’we’wi pover loss per unit volume for elastic, excitation
and ionization losses

W total power loss per unit volume

x normalized distance in plasma (x = pz)

X surface reactance of discharge

2 distance into discharge
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LIST OF SYMEOLS, con't.

g =0, + Jo,

9,91,9505

distance along axis of experimental tube {Eg. 20)
surface impedance of discharge

characteristic impedance of transmission line
phase angle of the complex electric field

real part of propagation constant (See Eq. 2k)
imaginary part of propagation constant (See Eq. 24)
propagation constant

skin depth

rermittivity of free space

normalized charge density

derivative of the phase angle O with respect to x
free space wavelength at the applied frequency
wavelength in dielectric

diffusion length in plasma

mobility of the electrons

permeability of free space

positive ion mobility

ionization frequency

attachment frequency

electron collision frequency

electron collision frequency at 1 mm Hg
magnitude of the complex conductivity

complex conductivity of the plasma

angles of & sine curve of current density alongz a
discharge

limit of integral (See Table I.)
normalized electric field (E/p)

applied radian frequency
6=



Equations Descriying Conditions in the Discharge

For a steady-state discharge using the coordinates of Fig. 1, the

electron production and loss rates are related by:9
de(Dan)
(vi - va) n 4+ == =0 (1)

Here we have assumed that volume recombination between electrons and pcsi-
tive ions is negligible and that conditions are such as to be in the ambi-
polar-diffusion region. We will also set Vg = 0, since we are dealing

with an inert gas. The conditionslo’ 1L

required are that the electron
mean-free path, the positive-ion mean-free path, and the thickness of the
positive-ion sheath at the walls, all be small compared to both the spacing
between the dielectrics d and the skin depth in the plasma.

The variation of electric and magnetic fields (assumed oriented as in
Fig. 1) are described by Maxwell's eque.ti.ons8 which, for the one-dimen-

sional case, become:

- %H; = GE + choil, (2)
mr .
az = o . (3)

We will assume that g >> weo over most cf the discharge and so will drop
the last term in Eq. (2). Differentiating (3) and eliminating H between

(2) and (3), we obtain:

% S (1)
4



vwhich is the usual skin-effect equation for i:, except now the conductivity
& is complex and varies with distance.

S8ince the electron temperature, conductivity and ionization frequency
are all functions of the magnitude of the electric field (see Appendix),
let

E = Eeaa. (5)

Substituting into Eq. (4) and dividing into real and imaginary parts, we

obtain two equations:

2
E:—z% + 2% f-:; = au neyE, (6)
-3(%!)2 + :_22. = -uy neu,k, (1
z

vhere o = nep, + Jnep.a.

Normaliz the Bquations
Equations (1), (6) a.nd"(7) must be solved using the proper boundary

conditions. Before doing this, let us normalize the variables in the fol-
wy_neT

loving menner. Let § = E/P; x = pz; 6 = &u/dx and N = °3 €. Substitut-
4 P
ing into (1), (6) and (7), we obtain
v 2
(—5) + 42 .0 (8)
D P ax®
a
P
e + 2o -« (F)m (9)
e
2 . % MgP
-¥° ¢ 5 = -(F)W (10)
dax e

In the Appendix it is shown that each of the quantities in parenthe-

sis in Eqs. (8), (9) and (10) is only a function of the electron
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temperature and p\ for a particular gas and an assumed energy distribu-
tion, in this case Maxwellian. These three coefficients have been calcu-
lated for argon and are shown as a function of electron temperature in
Figs. 2, 3 and 4. Next, and energy balance can be made and the electric
field needed to raise a small volume of the plasma to any particular elec-
tron temperature determined. The electric field for argon is shown in
Fig. 5. When the problem is worked on an electronic computer, a value of
P\ is chosen and the quantities shown in Figs. 2-5 are computed for many
different electron temperatures using the formulas in the Appendix. The
answers are stored in a table in the storage of the computer. Then, Egs.
(8)-(10) are solved numerically (subject to certain boundary conditions),
and during the solution 1nterpolat':ion in the table of values in the com-
puter memory gives each term in pa;enthesis in (8) to (10) from the value

of ¢ at each poinl in the solution.

Boundary Conditions

The solution to Eqs. (8), (9) and (10) involves the specification of
five boundary conditions. Two boundary conditions are given by specifying
the impedance (!.:/}'i) presented to an electromagnetic wave leaving from the
right of the discharge region. To obtain this impedance, replace E in

Eq. (3) by £e’® and perform the indicated differentiation. This yields:
d ao
-dm B o= B (5 = + 330 (11)

Putting into normalized form, the impedance at any point in the discharge

is:

-

.iP. - -.E....L, — (12)
au an 1
(o] H o e"jvdx



Notice that z is taken as the negative of the ratio of E to H This is
a result of the fact that power is flowing from the left to the right,
vhereas we have purposely taken the positive x direction to the left. At
x = 0, in Fig. 1, we will present an infinite impedance to the wave exit-
ing from the discharge. This mey be done by placing a shorting plane a
quarter wavelength to the right of the x = O point. An infinite impe-
dance requires both the real and imaginary parts of the denominator of
(12) to vanish so that 6 and dv/dx are zero at x = 0. 8ince the tangen-
tial E and H must be equal across the boundary at x = O, then these quan-
tities must also be zero Just to the left of x = O.

Two other boundary conditions are that = O at x = O and at x = 4.
(See Fig. 1.) The last boundary condition is that E have some value at
oﬁe of the two boundaries. All of the boundary conditions can be made to
apply at x = 0, except the condition "= Qat x= d.

The problem can easily be solved as an initial value problem on an
electronic computer. To do this we use the following initial conditions
at x= 0: 6=0, ay/dx =0, 1= 0, E=E_, dN/dx = d'n/d.x]o. The computer
produces a solution by the usual method of solving simultaneous differen-
tial equations and completes its solution when 1) crosses zero (at which

point x = pd).

Discussion of Computer Results

Figure 6 shows typical results for a fairly well-shielded case. From
(11) and the definition of the normalized variables we obtain for the nor-

malized power flow:

O

p3

Re(E H') = 420 (13)

«]10-



Taking the derivative of (13) and using (9),

B, () g (24)

e

This equation could have been used instead of (9) in the machine computa -~
tion. The quantity dS/dx plotted in Fig. 6 is thus the normalized power
dissipation per unit depth in the discharge. It is interesting to note
that the peak in the power dissipation curve occurs closer to the front
window than the peak in the normalized charge density M. Since most of
the energy is lost due to exciting collisions, the light from the dis-
charge appears most intense Just behind the front window.

A similar graph for sufficiently small dr/dx]o shows no variation of
the normalized electric field, y across the discharge. Also, 7 and d5/dx
have the shape of the first loop of & sine curve with d = n45;7;:.

To compare with experimental data we need to know the various quan-
tities at the input to the discharge or at x = pd. The surface current

density, J, is equal to the magnitude of H, which from (1l) is,

Ji
i:ée - JEZ? L (e (25)

The surface resistance is the real part of the Eq. (12).

Rp | & __ (16)
am, 6° + (% g-g)a

The normalized surface resistance is plotted as a function of nor-
malized linear current density for an infinite pA in Fig. 7. The set of
lines of minus 45 degrees slope for various values of pd represent the
unshielded case where the electric field is constant throughout the dis-
charge. All of thesg lines are asymptotic to & single curve which depicts
the well-shielded case. For the well-shielded case the surface resistance

-1l-



is independent of the spacing d.

For each value of pA\ we could plot a graph similar to Fig. 7, but
this would necessitate a large number of graphs. Instead, we have chosen
to present the computed results for the unshielded case (E/P is indepen-
dent of J) in Fig. 8 and the well-shielded case (R independent of d) in
Fig. 9.

The real part of the electric field, E, (i.e., the component in
phase with the current) is plotted as a function of pd in Fig. 8. It is
interesting to note that the curves are displaced from one another by
only a factor of about two. It is easy to show that if the collision
frequency in the gas were a constant, independent of energy, all the
curves in Fig. 8 would fall on top of one another. The approximate mean-
free ath limit for electrons is marked by a dashed line. Below this
limit the electron mean-free path is larger than the diffusion length in
the tube. Our theory does not apply below this limit.

In Fig. 9 we have normalized the experimental parameters p and J by
multiplying each by the wavelength A\ and plotted contours of constant
surface resistance. Notice that at a constant current density if the
Pressure is decreased along some vertical line, the surface resistance
slovwly decreases until one goes into the "anomalous skin effect”" region.
The same is true if one holds the pressure constant and increases the
current along some horizontal line in Fig. 9. In the "anomalous skin
effect” region the mean-free path of electrons in the plasma is greater
than the skin depth so that an electron is in a varying electric field
over its free path and one cannot specify a unique conductivity for each
point in the plasma. This effect has been studied extensively in metals].'g
Our computations do not apply in this region. Also plotted on Fig. 9 is

a curve for X = 30. To the left of this curve the surface reactance X

«]l2~



is s0 large that the fields on the outside of the plasma may not be conm-

puted on the basis of a zero surface impedance for the plasma,

Electron-Positive Ion Collisions

In the foregoing analysis we have assumed that the only important
collisions are the electron-electron and the electron-neutral molecule
collisions. However, when the gas has greater than about one percent
ionization, the electron-positive ion collision frequency becomes greater
than the electron-neutral molecule collision frequency. For the case
vhere Vo is already large cémpared to w, the conductivity will approach
a value almost independent of charge density--that of a fully ionized

353:13

(17)

2 2
2n,\1/2 6‘“0 Tes/
g = 0.582 (—') T
e ln[lax ('o e)3/2]
n:L72 e

The log term varies very slowly with charge density so that only a rough
estimate of n need be made. To facilitate computation, contours of con-
stant surface electron temperature have been plotted on Fig. 9 so that

one can calculate the approximate surface resistance of a fully ionized

plasma.

R - FEug (18)

V—

g

If the resistance so calculated is less than R at the point of interest
on Fig. 9, the gas is approaching the fully ionized condition. Even in

a fully ionized gas the electron temperature will vary with depth into
the discharge. This is another problem which can be solved on an elec-
tronic computer. When uc< w, the w term in the conductivity equation (A5)
will become less important as the degree of ionization goes beyond about

1 percent. We will not treat this case here.

13-



E_:_cgerimental Verification

All of the microwave plasmas considered here have conductivities
closer to a metal than a dielectric; therefore, in order to measure the
surface resistance they should be incorporated as part of the metallic
walls of some microwave circuit. The surface current density is then de-
termined as if the walls were perfect conductors. A calibrated pick-up
(probe, loop or directional coupler) is incorporated near the plasms to
measure the level of RF current in the plasma. The RF circuit contain-
ing the plasma is usually placed at the end of a transmission line on
which the incident and reflected waves may be measured to determine the
pover loss in the plasma. A correction is made to take into account the
povwer loss in the other walls of the microwave circuit, not including
the plasma.

The experimental verification of the computed surface resistance is
complicated by the fact that it is very difficult to build a microwave
circuit such that the surface current densities are uniform in the plasma.
There is a variation of current density because: 1) the dimensions of the
plasma are not small compared to a wavelength and in most microwave cir-
cuits the wall current varies appreciably over a half-wavelength, and 2)
since most of the plasmas are of such hign intensity that there would be
considerable sputtering if metal were not eliminated from areas adjacent
to the plasma, some sort of capacitive coupling must be used to conduct
the wall currents into and out of the plasma. This capacitive coupling
invariably involves a variation of the plasma surface current density in
the vicinity of the plasma.

To put these ideas into more concrete form, let us examine a circuit

-1k-



used by the suthors. The tube was mounted at the short-circuited end of
& multiple quarter-wavelength stub on a 3 1/8-inch coaxial line. (See
Fig. 10.) A directional coupler measured the power incident on the tube
and a slotted line measured the VBWR so that the fraction of the incident
power lost in the discharge could be determined. Separate tests, vhereby
the plasme was replaced by & high-conductivity metal, showed that 0.5 per-
cent of the incident power was lost in the tube mount. At the highest in-
cident power about 4 percent of the incident power was lost so the correc-
tion wvas always small. Six microsecond pulses at a frequency of 425 Mcps
were used. The standing wave wvas viewed with a crystal detector and a
wvell -shielded oscilloscope. A calibrated attenuator was inserted between
the pickup probe and the scope. Several filters were used to eliminate
extraneous frequencies from the magnetron. It was found that the dis-
charge was well established in about 2 usec.

Fig. ve 1l shows in more detail the tube and its mounting. The tube
consisted of two pieces of concentric quartz tubing. The annular space
between the quartz tubes was filled with spectroscopically pure argon
after a thorough bake-out. Two silver bands were baked onto the outside
of the tube as shown. A resonant choke was provided to keep the discharge
from spreading into the gas reservoir.

RF current on the center conductor is capacitively coupled through the
quartz under the silver band at one end, then flows through the piasma
and is capacitively coupled out at the other end where it flows through
the metal plate shorting the coaxial line. The equivalent circuit of the
tube and mount 1is shown in Fig. 11(b). The current density versus dis-
tance along the plasma was calculated using the equivalent circuit and is
shown in Fig. 1ll(c). The current density has been normalized to I, (twice

the current in the incident wave) at one point on the curve.
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To predict the power dissipation in the discharge with the help of
Figs. 8 and G, we first draw a curve of R versus J for the known value
of p and A used in the experiment. (See Fig. 12.) Then the total power
dissipation, Pd’ is given by

P, = [f JaadA, (19)

d
vhere the integration is taken over the suiface area of the plasma.

In all cases of interest, J either varies as some part of a sine
curve [ sce Fig. 11(c)] with distance or is a constant. If a constant,
the integration of (17) presents no problem. If J varies as & sine func-
tion, we presumably know J at one point, Jl. Let us assume that R varies

as J'; chen R = xl(J/Jl)"‘, Vhere R, is the value of R at J, and -n is

1
the slope of the R versus J curve (Fig. 12) at the same point. With this

approximstion, the power dissipated in one section of the tube in Fig. 11

is given by,
2. ,J \-n Ry 2.
Pd'NJRI(:l_) dA-aua]-—_—ﬂ-J dz
1 J

1

A 3

1 sin ¢ ,2-n

- (em)(zd) 5,8, G (20)

2

ol is the angle on the sine curve vhere J = Jl’ 02 and ¢_ are the angles

3
on the sine curve at the ends of the interval being calculated and )‘1 is
the wavelength in the region considered. To aid in these calculations,
Table I gives the intergrel of 8in"¢ from zero to ¢ as a function of ¢
for various values of m. A large number of short-circuit currents, Io'

are assumed and Pd is calculated for each. The equivalent resistance of

=16~



the discharge is then Pd/Ioe and this resistance equals zo/s. Ve will

plot the quantity,

MPd

) ’ (21)

I %

o+
L]

as a function of m because for all current levels it is & quantity
vhich is directly proportional to some average surface resistance in the
discharge; and, where 8 is high, it is the fraction of the power in tne
incident wave that is dissipated in the discharge. The results of these
computations are shown as the solid curve of Fig. 13.

Experimentally, the VSWR is determined as a function of the incident
pover. When the standing-wave ratio is not infinite (i. e., the short is
somewhat lossy), the short-circuit currept, Io’ is not twice the current
in the incident wave, but must be corrected for the finite standing-wave

ratio. It is easily shown that

2 's+1‘/-€' (22)

Unfortunately, we have no other measurements ,f arc loss in argon
microwave discharges where the current density is known to the necessary
precision to make the comparison outlined above. Some measurements were
made with folded cylinders moun. :d perpendicular to the axis of the
3 1/8-inch coaxial line. The tui.c mount is shown in Fig. . The inci-
dent power was fixed at 250 kw and the pressure was varied. (See Fig. 15.)
The current density was very non-uniform, but had a high enough value so
that the discharge was well shielded. Referring to Fig. 9, the value of
JA vas about 600 amperes. If one allows the pressure to vary by moving
up and down a vertical line at JA = 600, we see that the surface resis-
tance and thus the percent arc loss slowly decrease with decreasing

-17-



pressure until at the lowest pressures used, the discharge is well into
the "anomalous skin effect” region. At about 0.1 mm Hg the tube would

not fire.

Effect of Impurities
It is interesting to note how the material from which the tube is made

and the method of processing affect the results. The cold-trapped system
consisted of a fore pump and oil diffusion pump which were used to bring
the pressure down to approximately 10'6 mn Hg. The system was then iso-
lated from the diffusion pump with a glass valve and gas admitted through
another glass valve. The pressure was read on either a mercury manometer,
a McCloud gauge, or a Dubrovin gauge, depending on the pressure range.

The tube was suitably cold-trapped from the rest of the system using
liquid nitrogen to maintain as low an impurity content as possible. Each
tube was pre-discharged and flushed several times with argon before any
readings were taken.

The ultre-high-vacuum system used a diaphragm pressure gauge. The tube
and system were baked at u50°c. A vacuum in the 10'9 mm of Hg region was
achieved before the spectroscopically pure gas was admitted. The system
was completely sealed off from high vapor pressure oils or mercury by ul-
tra-high-vacuum metal valves.

The sealed pyrex tube referred to on Fig. 15 was filled on an ultra-
high-vacuum system similar to the one described above after a thorough
bake-out using spectroscopically pure argon. The tube was run for about
500 hours at 140 amperes current during which time the arc loss varied no
more than one percent from the cross shown on Fig. 15. This indicates
that the tube had impurities in it and also that either the arc loss is
insensitive to the actual level of impurities or that the impurity corn-

tent stabilized at some fixed value. Dr. R. J. Carbone of Lincoln
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Laboratory made measurements using an ultra-high-vacuum system in which
known amounts of oxygen were added to the argon. Carbone found that the
arc loss is a slowly varying function of the impurity content and the in-
dications were that the cold-trapped system had an impurity content of
about one part in a hundred in the pressure range from 1 to 10 mm Hg.
Experience with several pyrex tubes baked and filled on ultra-high
vacuum systems and then operated at high-power levels indicated that they
all contained considerable impurities. Indeed, some would visibly change
color and their temperature would rise to a high value during the first
few minutes of operation. This would be followed in the course of an
hour or two by a return to & nearly normal color and lower temperature
due to clean-up of some of the impurities. The impurity is believed to
be mainly water vapor. It is known that pyrex dissolves a large quantity
of water in its manufacture. This water slowly diffuses to the surface,
diffusing more rapidly if heat is applied. Quartz seems to give up fewer
impuritias. To overcome this impurity problem in sealed-off tubes a get-
ter may be used. Several tubes using activated uranium getterslh were
filled and sealed off. The results from two are shown on Fig. 15. The
one filled at 0.5 mm Hg was allowed to operate for many hours and the gas
gradually cleaned up. The original gas pressure could be restored merely
by heating the section of the tube where the discharge took place to
about 300°C for a few minuies. The pressure variation was determined by
the recovery time variation. Notice that all the data for the tubes con-
taining uranium getters lies below that for a very good gas-handling sys-

tem.

An _Approximate Solution to the Well-Shielded Case

We can make a fairly good estimate of the surface resistance in the
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vell-shielded case if we compare the computed solution to the results
vhich would be obtained if the conductivity of the plasma were constant
(1.e., not a function of distance into the plasma). The solution to

equation (&), if c.v is constant but complex, is:

so that the propagation constant Y is

Q = a+ JB = 4555-: . (24)

o

Separating this equation into real and imaginary parts and solving for

a, ve obtain

o
a = % = «/—22 (.Zla + 022 - 02) . (25)

Combining equations (23) and (3), we find that the surface impedance Z is

. N
Z = R+ Jx = V=2 (26)
g

Separating this equation into real .ind imaginary parts and solving for R

we obtain:

[ an
R = ¥ 2—3 («2022 + 012 +0,) . (27)
(o]

Now, if we multiply equation (25) by (27) we obtain

. (e8)

-] ‘HQ

R = ﬂfuo

=20~



Notice that we have eliminated the charge density by the above manipula-

tion since
o
'a-l' - _____l___ ’ (29)
V1 + (‘-”--)2
Yo

vhere Vo must be interpreted as some average collision frequency.

Now, returning to the actual m'~rowave plasma, we note in Fig. 6
that in a well-shielded discharge, because of the high field there, most
of the electrons are created near the front wall and diffuse to the front
wall. It seems & good approximation to set the diffusion 1ength9 A equal
to some multiple of the distance it taes the electric field to decrease

to 1/e times its surface value or let
A= k& ., (30)
Now, Eq. (28) does not strictly apply, but it seems a reasonable ap-
proximation if the variation of charge density and electric field are of
similar shape in all of the well-shielded discharges studied. 8o, let

9
R = nfuok2 ;—5 . (31)

By eliminating & between (30) and (31), we find

Rp . i"‘. 1 %’.\. , (32)
muo kl g

and
f% = i uf& = Q_E.?. (22 l:.l. (33)
P R p2 p2A o k2



vhere Er is the component of electric field in phase with the current.
Now we can measure or calculate by the methods of the Appendix Er/p as 8
function of pA. (See Fig. 8 and Fig. A2.) For the high-pressure case,
vhere al/o is one, we have plotted on log-log paper the calculated values
of pA/2 versus 2Er/pal\ and compared the curve with the well-shielded curve
of Fig. 7 and find that by shifting the curve of Fig. 7 downward and to
the right a factor of 0.61, the two curves could be made to coincide to
within 10 percent over their entire length (kl/k2 = 0.61). If we assume
k2 = 1, we may interpret this result as suggesting that the diffusion
length A is 0.61 times the skin depth, a not unreasonable suggestion.

If we can assume a constant collision frequency, we may also plot an
approximate graph similar to Fig. 9. First, using equations (29) and (33),

we find

2nc
vcl

2k E
2 1
o () pWERE . (3)

w Kk 2 2

o2 pA
As pointed out previously, if the collision frequency is constant, there
is a single curve of Er/P versus pA and this curve can be determined from
dc measurements on & positive column. Choosing various values of pA and
their corresponding values of Er/p, ve may calculate and plot curves of
JA versus pA. They will have nearly the same shape as the constant Te

curves of Fig. 9. because, for a diffusion-controlled discharge, there

is & unique electron temperature for each pA. Finally, Eq. (32) gives

, 0
PA = 2nc v(%" ;—i—g)e - —L—a . (39)
1

vcl

The value of pA can now be found for a fixed value of R and various

values of pA and the constant R curves plotted.

02



S8ince in many gases EA is approximately a constant over wide ranges

of pA, it is instructive to eliminate pA between equations (32) and (33),

giving

o= <ErA)(§kT Jl + ( 2nc )2

k?“O) 2nc ‘ R_l_ . ( 36)
l’clp)' )

From (36) we can see that if E_A and y , were constants, the con-

1l
stant R lines in Fig. 9 would be vertical for large values of pA and ap-
proach 45 degree lines for small values of pA. This bending for small

values of pA is because lowering the value uc/m increases the skin depth
faster than it lowers the real part of the conductivity. According to

Eq. (36), the constant R lines of Fig. 9 bend to the right at high values
of p\ because ErA is increasing rapidly for the values of pA in this re-

gion.

Conclusions

The analysis of skin effect in high-density microwave plasmas should
aid considerably in predicting the heat loss in gas tube duplexers using
argon. The approximate analysis should help vhere other gases are usgsed
and a knowledge of their dc sustaining fields is available. There are
several interesting regions left for investigation. More experiments
using argon should be performed to compare with the computed results.
The experiments should be designed so that the surface-current distribu-
tion is known precisely; also, the impurities should be held to the low-
est values possible.

Both theoretical and experimental investigations should be made of

regions not covered by the present theory. The "anamalous skin effect"

-23-



region and the region where the charge density is high enough so that
electron-positive ion collisions become important are two examples.
Finally, experimentally measured dc sustaining fields and recovery times
of positive columns in a variety of gases and gas mixtures, together with
the approximate theory worked out in this paper, could be used to easily

evaluate these gases for possible use in TR devices.

.



TABLE |
INTEGRAL OF SIN ¢ TO THE mth POWER FROM ZERO TO ¢

1.10 1,20
2.0808 e.0000
a.0001 a.nen
B.0002 a.0092
B.0084 2.P803
s.0007 8.0805
d.8010 d.0087
f.0913 e.ao1e
f.0018 e.e013
9.906823 e.0817
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9.0439 2.837¢
8. 0464 2.08396
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2.1873 #.2953
8.1112 a.,2989
2.1152 8.1026
f.1193 2.108064
g.123¢4 g.1102
#.1275 Dell41
2.1318 2.1181
2.1361 fA.1221
0. 1485 8.1262
B.1449 B8.1304
0.149¢ A.1347
0.1540 3.1399
#.1586 2,1433
2.1633 2.1478
#.1681 2.1523
8.1729 2.1569
6.1778 8.1615
f.1828 2.1662
g.1878 8.1710
2.1929 2.1759
2.1980 .1608
8.2032 2.1887
2.2885% @.19r8
f.2138 2.1959
@.2192 8.2010
8.2247 6.2063
2.2302 8.2116
8.2358 8.2169
8.241% 0.2223
0.2471 8.2218
8.2%529 0.2334
8.2587 8.,2399 §.1906
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APPENDIX

The d.c. positive column was first fully analyzed by Tonks and
In.ngnuirn about 1929, At this early date practically no data existed on
the probability of excitation in various gases so that a complete energy

belance could not be made. About 1935, Maier-I.ueibnitzl5

measured the ex-
citation probability in several inert gases so that Mi.erclell6 could com-
plete the analysis. Llater, Waymouth and Bitter' ! used somewhat the same
analysis to solve the fluorescent light problem. The assumption made by
all these authors is that the energy distribution among the electrons is
Maxwellian. This assumption certainly is not true for vanishingly small
electron densities. It has been shown by H:l.selt:ime]'8 and Cahn, 19 however,
that the electron energy distribution approaches a Maxwellian distribution
if the electron density is high enough to result in a large transfer of
energy among electrons of various velocities due to electron-electron

collisions. Indeed, in argon if about one part in 105 of the gas is

ionized, the distribution should approach the Maxwellian distribution:

u
N
2 uy1/2 e
f(u) = (<) e (A1)
7 372 n
e
The ionization function is:
v ]
e s I EuPrw a (A2)
D,P 3%

Here we have assumed all ionizations to be direct (no cumulative ioniza-

tion)(Da - u3Te).9 The probability of ionization, P,, has been assumed to

1’
be directly proportional to the energy above the ionization potential, u, .

<Al-



B, = hfu-u) . (a3)

With this approximation and performing the integration we find:

u
i
v h TT
;.ig N ;is viggz (u +21)e ©. (ab)
a

The mobility of the plasma written in terms of the velocity, v, is

given by:
‘ Lye v (v
N e A (a3)

In terms of energy, u, this becomes:

3/2 a[rlue]

W, .2 7 u u du (A)
T 3m ou
e e o p(2eyl/2,
P74 05
Substituting (Al) anto (A6), we find:
- 2
T
— 3/2 e
2 2e u e
%e - 5 VH du (A7)
e X ° putfe, yE e
c J e PpPA

To find the field necessary to sustain a discharge we must next per-
form an energy balance in the plasma. Consider a differentially small vol-
ume. The electrons in this volume lose energy by collisions with the gas
molecules. Some collisions are elastic, some exciting and some ionizing.

These energy losses are found using the next three equations.

W -
= - % [ wP, (:"-E;‘i)l/2 £(u) du (a8)

o

A2-



W -
=2 e, [ op, Y2 ) (49)
(o]
3T ®
:'T; - e(u + %) [ B, (2—;2)1/2 £(u) du (A10)
o]

Here we have used the fact that the average fractional loss of energy

in an elastic collision is For Pe we have assumed the form

2
T

P, = he(u - ue) (A11)

The term 3T e/2 in (A10) takes ctr; of the fact that for every ion produced
an electron with average energy 3§-°- diffused out of the small volume con-
sidered here. We have neglected two terms in the energy balance equation.
They are: 1) a term that accounts for the heat flow due to any temperature
gradient in the plasma; and 2) a term that accounts for the energy lost by
the electrons as they diffuse against the field eet up by the ambipolar
difruaionlo mechanism. Fortunately, these terms are usually small com-
pared to the other energy loss terms. We must neglect these terms because
we do not know a priori the gradient in the temperature or the electric
field set up by the ambipolar diffusion mechanism. It is precisely the
neglect of these terms which allows us to assign an electron temperature

for each E/p in the plasma.

The total energy loss is

w W W
W
_._2+_e.+_i, (A12)

and the necessary sustaining field is given by:

~A3-



D
E L (B - [ 2 (a13)

Equations (A3) to (Al3) were used with the constants appearing in
Table Al and the Pc versus u curves shown in Fig. Al, together with &an
electronic computer to calculate the results shown in Figs. 2 through 5.
The d.c. sustaining fields in a positive column calculated for argon are
compared with the expermental results of Klarfeldeo and Groosal in
Fig. A2. Here, Ea is plotted as a function of pa. In plotting the theo-~
retical resultsg we have used the fact that when the electric field and the

electron temperature are constant throughout the volume of a diffusion-

controlled discharge,

i 1 2.4 2
a —=— = (=) . (A14)
Dp° () P

Below a pressure such that the mean-free path of the positive ions
equals a diffusion length, the diffusion theory no longer holds. Instead,
the ions are constantly accelerated by the space charge fields on their
way to the walls. Tonks and Lo:.ngnuirll have solved for the variation in

charge density and radial potential in a very 1-ow pressure discharge and

von Engel has shown how to calculate the electron tenxperas.‘t.v.zre.22 Tonks
and Langmuir showea that
2eT
. Q1722 (eyi/2
v, . (A25)

Combining (Al5) with (A2) and remembering that D, = HyTes We find

Al =



0.7722
pa = = (A16)
7P, M2 £(u) au
[+ e

We have used the exact expression rather than the approximation of (A3)
because the electron temperature often exceeds the value vhere the approxi-
maticn of (A3) is valid. The results of graphical integrstions over the
actual P1 curve are shown by the dotted line of Fig. 2. The solid curve
on Fig. A2 at low values of pa is & plot of (A16) and the solid curve at
high pa is a result of applying (Alk). It can be seen that the shape of
the curve of experimental results roughly verifies the theory, having two
minima and crossing over from one solution to the other at about the mean-
free-path limit.

To elucidate this experimental discrepancy, we have drawn two more
graphs--one of the electron temperature versus pa (Fig. A3), and one of
E/P versus electron temperature (Fig. At). Furthermore, we have cor-
rected the energy balance equation (Al0) by adding a term 51‘9, vhich is
the approximate energy loss that an average electron suffers in diffusing
out of the (l:l.scha.rge.ll This last correction gives the dashed lines in
Figs. A2 and Ah. Notice that there is good agreement between theory and
experiment in A4 at high electron temperatures so that our energy balance
equations are probably correct. We further note that if the values of pa
calculated from (Al4) and (Al6) could be about doubled, the experimental
result . would agree quite well with theory. A critical examination of the
assumptions made in deriving the (Alk) and (Al6) and of the experimental
methods used is probably in order.

An interesting conclusion can be drawn from Fig. (A3). There is some

minimum value of pa at which a discharge can be maintained. As pa decreases,

-AS=-



more electrons are lost by diffusion and a higher value of v 4 is re-

quired. As seen in Fig. 2, there is a maximum in the v 4 versus Te

curve so that, as pa is reduced, eventually a point will be reached

wvhere the additional ionization cannot be produced by raising the elec-

tron temperature.

-Ab-



TABLE AL

Constants Used in Computation for Argon

11.6 volts
0.400 (volt cm x mm Hg)'l
15.8 wlts
0.755 (volt cm x mn Hg)™*

1260 cx® mm Hg/volt sec
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